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Introduction

Khodng céach tr mét diém (vector) x, dén mot hyperplane dwoc dinh nghia
b&i phwong trinh:

wix+b=0
dwoc cho béi céng thire
lwTx, + b
W
trong do, | ”2
d
wll, = | ) w
V =1

va d 1a so chiéu cua khdng gian.
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Perceptron Learning Algorithm

ro

https://machinelearningcoban.com/2017/04/09/smv/
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Formulate optimization problem for SVM
Gia str mét training set cé N cap dir liéu dwoc danh nhan nhw sau
(X11 J’1)» (Xz, yZ)' iy (XN' yN)

trong d6 moi input vector x; € R? va nhan cdia no y; twong trng +1 (class
1) hoac -1 (class 2), nhu trong Perceptron Learning Algorithm (PLA). O
day, d 1a so chiéu cua di¥ liéu va N 1a s mau.

Khi d6, ta cd khodng cach tir x,, dén the hyperplane Ia

yo(W'x, + b)
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Formulate optimization problem for SVM

Ta sé dinh nghia margin 1a khoang cach gan nhat tlr cac diém cla hai class
dén mat phan chia

Yn(w Xn T b)

margin = min
A W]

Do dé, bai toan SVM 1a bai toan toi wu chon cdp (w, b) sao cho margin 1a I&n
nhat:

1
(w,b) = arg max miny,(w'x, + b)
w,b ||w| ‘2 n
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Formulate optimization problem for SVM

Mot cach tw nhién, ta thay rang
yv,(Wwl'x, +b)=>1,n=1,..,N

Then, the margin becomes

1
(w,b) = arg max
W Tiwil,

By a simple transformation, we can reduce it to the following problem

_ 2
(w,b) = argmin = ||wl|,

Subject to
1—y,(wlx,+b)<0,n=1,.., N
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Formulate optimization problem for SVM

Finally, once (w, b) are found, the label of a new point x is simply

1if wix+b >0

class(x) = sgn(w'x + b) = -
(x) = sgn( ) . —1others

Question: Why use y,,(wx + b)and not use |w'x + b| ?
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Lagrange multiplier method
Let U be an open set in R", and suppose that you want to maximize or

minimize a smooth function f: U — R subject to the constraint g(x) = ¢ for
some smooth function g: U —» R and some constant c. If f has a local
maximum or local minimum at a point a and if Vg(a) # 0, then there is a

scalar 1 such that:

Vf(a) = AVg(a)

The scalar A is called a Lagrange multiplier.

Don Shimamoto, Multivariable Calculus, Swarthmore College
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Dual problem for SVM

General Optimization Problem
We consider the following general optimization problem:
1. Objective Function:

X *= argmin fo(x) (1)

2. Constraints:
subject to:
filx)<0,i=12,..,m
hi(x) =0,j=1,2,..,p
3. Domain Definition:

D = (ﬂ?;l domfl) N (n?zl domhi)

Understanding Duality and Lagrangians in Optimization | MLDemystified



https://mldemystified.com/posts/basics-of-ml/duality/post/
https://mldemystified.com/posts/basics-of-ml/duality/post/
https://mldemystified.com/posts/basics-of-ml/duality/post/
https://mldemystified.com/posts/basics-of-ml/duality/post/
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Dual problem for SVM

The Lagrangian Function

p

Lx, A,v) = f,(x) + Z/lifi(x) +Zvjhj(x)
=1

J=1

How to optimize it ???, We need to know that, Classical Lagrange just
helps us to find the stationary point, not specifically point like the min or
max value, so we need to find other methods that can find the optimum
value.

So, we have duality and some novelty conditions that help us to find the
minimum value of F(x)

y7
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Dual problem for SVM

Duality

In mathematical optimization theory, duality or the duality principle is the
principle that optimization problems may be viewed from either of two
perspectives, the primal problem or the dual problem.

The Lagrangian dual function:
p

g(A,v) = inf Lt Av) = inf (o0 + ) A fi()+ ) vy ()
j=1

j=1
In other words, for each fixed pair of multipliers (4, v), we look for the value

of x that makes the Lagrangian as small as possible, that minimum
becomes the value of g(4,v)



https://en-m-wikipedia-org.translate.goog/wiki/Mathematical_optimization?_x_tr_sl=en&_x_tr_tl=vi&_x_tr_hl=vi&_x_tr_pto=tc
https://en-m-wikipedia-org.translate.goog/wiki/Optimization_problem?_x_tr_sl=en&_x_tr_tl=vi&_x_tr_hl=vi&_x_tr_pto=tc
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Slater’s Condition
The Slater condition says that, if there exists w, b such that:

1—y,(wix, +b)<0,n=1,.. N
then strong duality holds.

Lagrangian of the SVM problem
The Lagrangian of problem is:

N
1 2
L(WJ b; A') — E ||W”2 + 2 2'”I’L( 1 o yn(wTXTl T b))
n=1

with A = [A, 5, .., Ay]vad1=>0,vyn=1,2,..,N
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Lagrange dual function
The Lagrange dual function is defined as:

g(A) = minL(w, b, 1)
w,b

with 4 > 0.
And the Lagrange dual function is concave function.

Lagrange dual problem
From there, combining the Lagrange dual function and the constraints of
A, we will obtain the Lagrange dual problem:

A =arg max L(w,b, 1)

subjectto A > 0and XY_, A,y, = 0.
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Karush-Kuhn-Tucker (KKT) conditions

The Karush-Kuhn-Tucker (KKT) conditions are a generalization of Lagrange
multipliers, and give a set of necessary for conditions optimality for systems
iInvolving both equality and inequality constraints.

- Stationarity: existence of optimal solution of Lagrange function.

- Primal Feasibility: optimal solution that satisfies the conditions of the
original problem.

- Dual Feasibility: optimal solution that satisfies the conditions of the dual
problem.

- Complementary Slackness: For each inequality constraint, either its dual
coefficient is positive and the constraint is “closed”, or the constraint is
“open” and the dual coefficient is O.

Adam Rumpf, Introduction to the Karush-Kuhn-Tucker (KKT) Conditions, lllinois Institute of Technology - Department of Applied Mathematics /
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Karush—-Kuhn-Tucker (KKT) conditions for SVM
- Stationarity:

0L(w,b, 1) 0 and 0L(w,b, 1) 0
ow " ob

- Primal Feasibility: Slater condition.
- Dual Feasibility: A = 0

- Complementary Slackness: 1,,(1 — y,(w'x,, + b)) = 0

In short, if a convex problem satisfies the Slater criterion, then strong
duality is satisfied. And if strong duality is satisfied, then the solution
to the problem is the solution of the KKT condition system.

y7
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Discussions

Question: Why is it called “Support Vector Machine”?
Question: What problems does SVM help solve in machine learning?

Question: Why don't we solve the problem in its original form but have to
convert it to the KKT system to solve it?
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ll. Soft-margin SVM

Introduction

https://machinelearningcoban.com/2017/04/13/softmarginsmv/

T
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Mathematical analysis

For points in the safe zone, &, = 0. Points in the unsafe zone but still on the

right side of the boundary correspond to 0 < ¢, < 1,e.g. X, . Points on the
opposite side of their class from the boundary correspond to &, >

1,e.g. X4 and X3

9

https://machinelearningcoban.com/2017/04/13/softmarginsmv/
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Mathematical analysis

Slack variable
For points x,, in the safe region, &, = 0. For each point in the unsafe region

such as x,, x, or x5, we have & > 0. Notice that if y; = +1 is the label of x;
in the unsafe region, then &; = |[w'x; + b — y;|

We have the optimization problem in standard form for Soft-margin SVM:

N
1 2
(w,b,$) = argvrg}lggEHWI\z + C-zls%
n:

Subject to
1-¢&¢,—y,(wi'x, +b)<0,n=1,..,N
-, <0,n=1,..,N




7 11 Soft-margin SVM ==
Dual problem for Soft-margin SVM |

Slater’s Condition
Foralln =1,2,..,N and for any (w, b), we can always choose positive scalars

¢&,n =12, ..,N, large enough so that

y.(wlx, +b)+¢&,>1,vn=1,2,..,N
Hence, this problem satisfies Slater’s condition.

Lagrangian of the Soft-margin SVM problem
The Lagrangian of problem is:

N N N
1 2
L(W: b, 5: A, ,Ll) — _“W” + C. gn + An( 1— gn IR Yn(WTXn + b)) o .unfn
) 2
n=1 n=1 n=1

with 4 = [Al,/lz, ...,AN] and A = O,Vn — 1, , ,N
s u=|uy, s, ....uyland u =>0,vn=1,2,..,N ‘
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»__ Dual problem for Soft-margin SVM -

Lagrange dual function
The Lagrange dual function is defined as:

g4 u) = min L(w, b, ¢, 4, 1)
w,
with 1 = 0,u = 0.

Lagrange dual problem

From there, combining the Lagrange dual function and the constraints of
A, we will obtain the Lagrange dual problem:

A =arg max Lw,b,& A )

subjectto0 <A, <Cand ¥Y_.A,y,=0,vyn=1,2,...,N.
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Dual problem for Soft-margin SVM

KKT conditions for Soft-margin SVM

- Stationatrity:
0L(w,b, & A, 1) Lw,b,& A ) L(w,b,& A, 1)
= i — O
- 0 and Iy 0 and T

- Primal Feasibility: Slater condition.
- Dual Feasibility: A =0, u =0
- Complementary Slackness: 1,,(1 — &, — y,(wlx,, + b)) = 0

Question: Is there any other way to solve this problem?
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The unconstrained optimization problem for
Soft-margin SVM

Equivalent unconstrained optimization problem
We have the first condition
1-¢&, —y,(wl'x, +b)<0,n=1,..,N
=>¢&,>1—vy, Wix,+b),n=1,...,N
and the second condition is &,, = 0. So, this problem become

N
1 2
(w,b,$) = argvrg},;g§|IWI|2 t C-Z $n
n=1

subiject to
J & = {na%(O, 1 — yn(wan + b))
W,
Hence,

N
1
(w, b, &) = arg min = le‘z + C. z maX(O, 1—y,(wix, b)) £ arg mi
n=1

min - rg](w, b)

(w,b) (w,b /
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The unconstrained optimization problem for
Soft-margin SVM

Hinge Loss
The hinge loss for a single data point is given by

L(y,f(x)) = maX(O, 1 — y.f(x))

where

*» y: Actual label of the data point, either +1 or —1 (SVMs require binary labels in
this format).

“ f(x): Predicted score (e.g., the raw output of the model before applying a
decision threshold).

“* max(0, ... ): Ensures the loss is nhon-negative.

What is Hinge loss in Machine Learning? /|


https://www.analyticsvidhya.com/blog/2024/12/hinge-loss-in-machine-learning/
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The unconstrained optimization problem for
Soft-margin SVM

Hinge Loss for Soft-margin SVM

N
A
Lw,b) = ¥ max(0,1 -y, (W, + b))+ |Iwl:
n=1

Optimize the hinge loss
+» Gradient Descent
+» Mini-batch Gradient Descent

Gradient descent — Wikipedia
Mini-Batch Gradient Descent in Deep Learning - GeeksforGeeks



https://en.wikipedia.org/wiki/Gradient_descent
https://en.wikipedia.org/wiki/Gradient_descent
https://en.wikipedia.org/wiki/Gradient_descent
https://www.geeksforgeeks.org/deep-learning/mini-batch-gradient-descent-in-deep-learning/
https://www.geeksforgeeks.org/deep-learning/mini-batch-gradient-descent-in-deep-learning/
https://www.geeksforgeeks.org/deep-learning/mini-batch-gradient-descent-in-deep-learning/
https://www.geeksforgeeks.org/deep-learning/mini-batch-gradient-descent-in-deep-learning/
https://www.geeksforgeeks.org/deep-learning/mini-batch-gradient-descent-in-deep-learning/
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Introduction

The basic idea of Kernel SVM—and kernel methods in general—is to find a
transformation that maps the original data, which is not linearly separable,
into a new feature space. In this new space, the data becomes linearly

separable.

https://machinelearningcoban.com/2017/04/22/kernelsmv/
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Foundation of Mathematics

The dual problem for the Soft-Margin SVM with nearly linearly separable data can

be written as
A = arg maxz Ay — —Z Z Ay Ay Vi Vi X Xy

N
2 AnYn =0
n=1

0<A, <C,vVn=12..,N

subject to:

Problem: \With real-world data, it is very difficult to obtain data that is nearly
linearly separable.

y7
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Foundation of Mathematics

Suppose we can find a function @(.) such that, after being transformed into
a new space, each data point x becomes ®(x), and in this new space, the

data becomes nearly linearly separable.

N N N
1 1 1
A = arg m/laX 2 An — E Z Z‘ An/lenqu)(Xz;)q)(Xm)
n=1 =1m=1

N
z AnYn =0
n=1

0<A, <C,vVn=12..,N

subject to:

®(x))P(x,,) is dot product
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Foundation of Mathematics

By defining the kernel functionK(x,,x,,) = ®(x})®(x,,,)we can rewrite
problem and expression as follows:

N

N N
1 | |
A = arg m/laX 2 An — E Z Z‘ An/lm.VnYmK(Xn: Xm)
n n=1m=1

=
N
2 AnYn =0
n=1

0<A, <CvVn=12..,N

And 1
" z AmYm KXo, X) A N, z (Yn — z AmYm K (Xp, Xm))

MmeS Mmem MmeS

subject to:

y7
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Kernel function

Mercer’s Condition
In mathematics, a real-valued function K (x, y) is said to fulfill Mercer's condition

if for all square-integrable functions g(x) one has

f j GCOK(x,y)g()dxdy > 0

Discrete analog
This is analogous to the definition of a positive-semidefinite matrix. This is a

matrix K of dimension N, which satisfies, for all vectors g, the property

N N
(9.K9) =9" . Kg = Zzgil{ijgj =0

i=1j=1

Mercer's theorem - Wikipedia



https://en.wikipedia.org/wiki/Mercer%27s_theorem#Mercer.27s_condition
https://en.wikipedia.org/wiki/Mercer%27s_theorem#Mercer.27s_condition
https://en.wikipedia.org/wiki/Mercer%27s_theorem#Mercer.27s_condition
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Kernel function

Properties of kernel functions:

* Symmetry. This is easy to see, since the dot product of two vectors is
symmetric.

*» A kernel function must satisfy Mercer’s condition.

Some commonly used kernel functions:

Name Formula Kernel String Parameter Settings

linear !z ‘linear’ none

polynomial (7 + 7 :r:Tz)d ‘poly’ d: degree, ~v: gamma, r: coef(
sigmoid tanh(yz!z +r) ‘sigmoid" ~: gamma, : coef(

rbf exp(—vllz — z|3) 'rbf’ v = (: gamma /
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Introduction

Question: What do you think about combining SVM and Neural Networks?

T; 07 W —:-@ z = softmax(W’ x)
<j

wg,: biases, don't forget!

d: data dimension
(. number of classes

x € Rd+]

W € R+DXC short form

. T
-"'--"t._ — wf ]{

z = WTx e R¢

a = softmax(z) € R¢
-
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Building a loss function for Multi-class SVM

For the entire dataset X = [x4, x5, ..., Xy ], the total loss is

N
LXyw) =—=> Y (A—z! +2z")
Xy,W) N max Zy, + Z;

n=1j#yn

wherey = [y4, V>, ..., Yn| is the vector of correct class labels for all training

1 . . .
examples. The factor ~ computes the average loss, preventing this expression from
becoming excessively large and causing numerical overflow.

Problem: What if W gets too large?

y7
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Building a loss function for Multi-class SVM

Frobenius Norm
For a matrix A € R™*", the most commonly used norm is the Frobenius norm,

denoted ||A] |F, which is the square root of the sum of the squares of all
entries of the matrix.

m n

Iall, = | ) ) d}

N

1
=1]=1

Regularization

1 N1 1
L(X,y, W) = NZ. Z max(A —z} +z") + ||W||F

n=1j#yn /I
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Calculating the loss function and its derivative

*»» Compute the loss function and its derivative in a naive way.

¢ Calculate the loss function and its derivative by vectorizing.




N

Homework

“Applying SVM to mushroom classification problem”

This is the topic of the OAI-HCMC 2025 contest.




CONTACT US

@ 403.1 H6, BKHCM Campus 2
9 mlandiotlab@gmail.com

@ mliotlab.github.io

0 facebook.com/hcmut.ml.iot.lab
@ youtube.com/@mliotlab

THANK YOU

HCMUT EE MACHINE LEARNING & IOT LAB
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